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We considertheclassicalmechanicsof the spinningparticleandinvestigatewhichAbe/ian
interactionscan beaddedwithout breakingsupersymmetry.A quantumtheory is presented.
The well known index theoremfor the Dirac operatoris extendedto take into accountthe
effect of anti-symmetric Abelian tensorfields. Furthermoreinteractionswith non-Abe/ian
anti-symmetrictensorfields are investigated,It turns Out in both casesthat thesefields do
not give anynon-trivial contributionsto the index.
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1. Introduction

Supersymmetricquantummechanicsdescribesa Dirac particle that moves
in d-dimensionalspace—time.This spinningparticlemodelhasbeensubjectof
much studyin the contextof the Atiyah—Singer index theorem.This theorem
equatesthe index of an elliptic operatoron a compactmanifoldto a topological
invariant that characterizesthe manifold. Alvarez-Gauméshowed [1] that a
methodto computethe index of an elliptic operatoris obtainedby finding a
supersymmetrictheory whosesuperchargeis exactly this operator.Then the
index givesinformationaboutthe spontaneousbreakingof the supersymmetry
of thistheory.Alvarez-GauméandWittendescribed[2] the connectionbetween
the Atiyah—Singerindex for a Dirac operatorand the gravitationalandgauge
anomalyfor fields with spin ~ or spin ~. This connectionprovidesamethod
to calculatetheseanomaliesin higherdimensions.Ford = 4k + 2 theyfound
anotherfield that suffersfrom an anomaly.It is theanti-symmetrictensorfield
A~~~2kwhosefield strengthis self-dual.We alsoconsideranti-symmetrictensor
fields, but with an oddnumberof indices.They canbe addedto the spinning
particlemodelwithoutbreakingsupersymmetry.We calculatethe index of the
correspondingDirac operator.Detailsof the calculationscanbefound in refs.
[3,4].
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2. The spinningparticle

A relativistic point particle with spin ~ in d dimensionscan be described
classicallyby an action

S = f dt ~ + ~iW~a — ~iw
6w~(x)I, (I)

wherex’~(t) denotesthe positionof the particleas a functionof its propertime
r. A dot denotesa derivativewith respectto r. The ~i”(r) areanti-commuting
variables.They are the superpartnersof x~(r) accordingto a global supersym-
metry transformationgeneratedby

Q = ~ + ~iwJbwc). (2)

Indeedif the basicDirac bracketsaregiven by

{x~,p,,}= {~,a~,b}= _jtiab (3)

the supersymmetrytransformationsare

= i{�Q,x’~} = —ie e~yi’~

ó~ = i{iQ, çqP} = c*~. (4)

The superchargeQ satisfiesthe Dirac bracketrelation

{Q,Q} = —2i11, (5)

whereH is the Hamiltonian,the generatorof propertimetranslations.Another
conservedchargeis

i [5d/2J

F = — d! -. (6)

which is the generatorof duality transformationson V2. More symmetriesof
the spinningparticlecanbe found in ref. [5].

Quantizationnow consistsof replacingphasespacevariablesby Hermitian
operatorswhose (anti-)commutatorsare i times the Dirac brackets (3). The
operators~ and~ are representedin the standardway andthe variablesyi’~

are representedby y-matrices

= L
2,a (7)

Henceafter quantizationthe secondof eq. (3) reducesto the Clifford algebra.
Quantizationof the superchargegives the Dirac operator

iy - D = i’(e~ff(3 — Wabya?b) . (8)

Thequantumversionof the dualchargeis thegeneratorof chiral transformations
in d dimensions:

i~5d/2i 1
F = 2ch/2d!�~1a~ - . . = ~Yd+I. (9)
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with

= 1. (10)

Hencethe eigenvaluesof Yd+ 1 are + 1 and — I, and the eigenstatesarespinors
with positiveandnegativechirality,

Yd+1~± = ±cI~. (11)

SinceH andYd+1 commute,theyhavea common set of eigenstates:

H’Ji~= ~ (12)

ThesuperchargeQ anti-commuteswith Yä+I butcommuteswith H, whichmeans
that it changesthe chirality of a chiral spinor,but not its energy.The result is,
thatfor anon-zeroenergyeigenvalue� thereis apairofeigenstateswithopposite
chirality

Q~±= =~H~ = = E~±. (13)

In the casewhen f = 0 this doesnot hold. SinceH = Q2 we find

~ Q~P=0. (14)

Hencethe Witten index,which is definedasthe differencebetweenthe number

n+ of positiveandn of negativechirality states:

J=n~—n (15)

may get contributions from the zero modes.If ~+ is a bosonthen & is a

fermion, hence
A = Tr(_)F e~11. (16)

The regulator e~~”doesnot give any contributionfor only stateswith H = 0
contribute.Thisimpliesthat the expressionis independentof fi. Alvarez-Gaumé
showedthat the index can bewritten as a path-integral

~~.L.dxd~exP(_fL(x~w)). (17)

Calculationof this path-integralgives the well-known result

A — 1 ~ 1d ~ ~Ra
6/2 ~~I/2 18

— (2~)h/2 ~ e ~5iflh(iRab/2))i ‘

space

with

Rab = Rabp~(W~)dX~Adxv, (19)

whereRabpu is the Riemanncurvaturetensor.In orderto find anexpressionfor
the index in d dimensionswe only pick out the term in the expansionof the
integrandthat containsa d-form. This expressionis indeed/3-independent.
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3. Interactions

The mostgeneralsupersymmetricactionwhich is at most quadraticin time
derivativesandwhich only containsbosonicbackgroundfields is givenby

L(d—1)/2i .

S = f dr ~ (~!X~

/ /
1i . - . x

(2cs + 2)!~’ ~‘ /1I’/12X+2

(_j)ck+l

+ ~ ~L

1 /12,,+j x2(2c~+ l)!~’ ~‘ v
( •~

/ x~x~’/1~ /12X x
2(2s)! y’ ~wp~••p~,,

(_i)a+ I
+ (2cr + 2)!XW .. WP2~2~i.p20+2(x)) , (20)

with, foro = 0,..,L(d— l)/2]

~ = (
2ck + 2)0[~

1A~2..~2~2], (21)

= —~{gp~I•.p2X+l,~2~+2 —

— ~ — ~2~2~+2P2,,+1 }. (22)
The field ~ is anti-symmetricin all its indices,while ~ is anti-
symmetricin all indicesexceptthe first one.Furthermore,without lossof gen-
erality, we cantake

~ = 0. (23)
Thisjustifiesourinterpretationof g,1y asametric.Thecasewhenc~= 0 describes

a spinningparticlein a gravitationalandelectromagneticfield [6]. Noticethat
S is invariant undera gaugetransformationof the form

—* A,~+ 0~A. (24)

The anti-symmetrictensorfields do nottransformunderanygaugetransforma-

tion. We call the generalizedconnectionstorsionlessbecause

= 0, (25)

andwe find that the fields ~ can be interpretedas the torsionsadded
to the connections(24).

Thenewinteractiontermsdo notspoil thedual symmetrythatwasmentioned
before. The canonicalquantizationprocedurecanbe donein away analogous
to the casewithout the extra interaction terms.Detailsof this calculationcan
be found in ref. [3]. From now on we take the generalizationsof the metric
~ (s > 0) to vanish.



RH. Rietdijk / Supersymmetricquantummechanicsand the index theorem 549

The Dirac operatorcorrespondingto (20) containscontributionsfrom the
A-fields:

[(d—l)/2j ( •)(5÷J

iy . D = iyce~~— ~~abyayb + ~ 2~(2~+ 1)! ~ .. ~ a2~),

(26)
wherethe curvedindiceshavebeentransformedinto flat indicesby contraction
with (inverse)vielbeins.We haveobtainedthe index of this Dirac operatorin
the specialcasethat the A-fields areexact:

= (2a + l)ö[~1A~2...~2~1], (27)

by calculatingthe path-integral (17) for the Lagrangiancorrespondingto the
action (20). The expressionthat we find is of the form (18) with Rab replaced
by a torsiondependenttensorR~b:

[(d—3)/2j .

R~6(w~)= Rab(~~ (2~±l)!fl~AA dxP2~A~1~2).

(28)
It seemsthattheexpressionfor theindexis /3-dependentbecauseof thefl-depen-
denceof R~b.However,we canshowthatexpanding(18) with R~bof the form
(28) the contribution from the torsion fields only consistof globally defined

exactforms [3]. Thus if oneconsidersfield configurationswhich vanishat the
boundaryof the manifold, theA-fields do not contributeto the index,which is
againgiven by (18).

4. Non-Abeliantensorfields

Exceptfor theoneindex tensorfield A~,the anti-symmetric(2rt + 1)-tensors
thatwe discussedin theprevioussectiondid nothaveanygaugeinvariance.We
now introduceanti-symmetrictensorfields in a gaugeinvariant way, following
ref. [7]. We add two canonically conjugatesets of fermion fields 7m(t) and
~m(T) (m = 1,... ,D) by addingto the action (1) a term

= J dr (-i~
mt~m). (29)

This term is invariantundera global transformation

~ (~e~~)m, ~ (e~ij)m, (30)

with A~PIsomeconstantmatrix. If wemakethis symmetrylocal by takingA~fl
x-dependent,we shouldintroduceacovariantderivativecontainingagaugefield
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that we may takeW-dependent.Insteadof (29) we now take

= fdT[_ir(Di~m)]

[(d—I)/2j .

= f di [_ir~m + ir ~ (~~!~W~’-”WP
2XA~..~(x)

( ~)a+l

+ (2~+ 2)! V2’ ~ (x)) ~]. (31)

Notice that the indices m andn aregroup indices,andnot flat indices. If we

define (2~+ 1)-formsand (2rt + 2)-forms

A(2a+I) — (2~±i)!dx~~ A ~

Ft2~~~2~(2c~±2)! dx~’A ... A dxP2~+2F~
1..~2~2. (32)

Thenthe field strengthin (31) is definedby

F(
2a+2) = dA(2a+l) + ~A(2fl+U A A~22~’~. (33)

TheactionS + ~sSas definedby (1) and(31) is symmetricunder a supersym-
metry that now also involves

7m and~ ~ is also invariant underthe gauge
transformations

~ ,‘ ~A(
2U+~I~ +

~ —p ~ (34)

Notice that only the transformationrule for A ~) containsan inhomogeneous
term.

The Dirac operatorthat correspondsto this theoryis definedby

jy . D = iyce~(3,~— ~wabyayb

[(d—1)/2J ( )a+l

2~(2c~+ l)!YYA~a
2~). (35)

with ~m andr representedin termsof Hermitian 2D x 2D Dirac matrices.The
Witten index of this Dirac operatoris found to be of the form

A = (2m)d/2 f Trexpi~[det (sin~~/2 )] . (36)

space

with
L(d—l)/2i

~ flA~~’~
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[(d—1 )/2J

F= dA+AAA= ~ fl-ap(2a+2) (37)
Again wefind a fl-dependentexpressionfor the index. However,we will show
that the termsthat dependon /3 only give a trivial contribution,as in the case
of the generalizedtorsiontensorsdescribedin the previoussection.Writing out
(36), it is foundthat the index is given by anintegralover termsof the form

Tr(iF)”F(R), (38)

with F(R) a closedfunction of R: dF(R) = 0. It is well known that TrF” can

locally bewritten astheexteriorderivativeof aChern—Simonsform. Thiscannot
be doneglobally becauseon the overlappingregionof two coordinatepatches
onemayget contributionsfrom theinhomogeneousterm in (34) (winding num-
bers).AnalogouslyTrF~canbelocally written astheexteriorderivativeof some
generalizedChern—Simonsform. However,only for a = 0 thereis an inhomo-
geneousterm in the gaugetransformationrule for A (2a+ I)~It is straightforward
to prove [4] that this resultsin the fact that termsin (38) containingF(2a+2),
(a > 0) are globally exactand only contributeto the index in a trivial way.
Finally we find for the index correspondingto the Dirac operator(35)

1 f - r ,“ iR~/2
— (2it)’1/2 J L 1\Slflh(lRab/2)

space

In the casesthat we investigatedwe found that the extrafields that canbe
addedto the spinningparticlemodeldo not give anynon-trivialcontributionto
the index. This meansthat if we couplea Dirac fermionnot only to gravity and
non-Abeliangaugefieldsbut alsoto (non-Abelian)anti-symmetrictensorfields,
no extracontributionsto the axial anomalywill befound. This is in agreement
with the resultsof Alvarez-GauméandWitten.
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